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Two aspects of the relativistic version of the Einstein-
Podolsky-Rosen-Bohm (EPRB) experiment with massive par-
ticles are discussed: (a) a possibility of using the experiment
as an implicit test of a relativistic center-of-mass concept, and
(b) inuence of the relativistic eects on degree of violation of
the Bell inequality. The nonrelativistic singlet state average
h j~a  ~ 
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~
b is relativistically generalized by
dening spin via the relativistic center-of-mass operator. The
corresponding EPRB average contains relativistic corrections
which are stronger in magnitude than standard relativistic
phenomena such as the time delay, and can be measured in
Einstein-Podolsky-Rosen-Bohm-type experiments with rela-
tivistic massive spin-1/2 particles. The degree of violation of
the Bell inequality is shown to depend on the velocity of the
pair of spin-1/2 particles with respect to laboratory. Experi-
mental conrmation of the relativistic formula would indicate
that for relativistic nonzero-spin particles centers of mass and
charge do not coincide. The result may have implications for
quantum cryptography based on massive particles.
PACS numbers: 03.65.Bz
Contemporary applications of the Einstein, Podolsky
and Rosen (EPR) correlations [1,2] and the Bell inequal-
ity [3,4] range from purely philosophical problems to
quantum cryptography, computation and teleportation.
In the cryptographic scheme proposed by Ekert [5] Al-
ice and Bob test for eavesdropping by measuring the av-





































a etc. are \yes{no" observables (say, signs of
spin for electrons, or planes of polarization for photons).
Quantum mechanics predicts that for some choices of














2 indicates that at least some pairs of particles were
not prepared in the singlet state and this indicates an
eavesdropper.
Practical applicability of quantum cryptographic pro-
tocols crucially depends on detector eciencies. In typ-
ical Bell-type photon pair experiments the eciencies
were smaller than 20%. The advent of solid state photo-
diodes provides eciencies of detection which are much
higher [6] but still far from ideal.
An almost ideal experimental scheme has been recently
discussed by Fry et al. [7] who propose to replace photons
with massive particles (pairs of
199
Hg atoms). Detection
eciency is then at least 95% and can be pushed to more
than 99%. An obvious drawback of such a communica-
tion channel is that it is slow. To make it faster one
might be tempted to use relativistic velocities.
It will be shown below that for high velocities one may
expect a surprising eect: The amount of violation of
the Bell inequality may decrease with growing velocity
of the spin-1/2 particles. Alice and Bob must therefore
additionally know the velocity distribution of the particle
beam. Otherwise they may be confused and \detect an
eavesdropper" even though the particles remain in a pure
zero-helicity singlet state. The eect is related to the old
problem described already in 1930 by Schrodinger [9]. As
is widely known E. Schrodinger examined the behavior of
the coordinate operator x associated with Dirac's equa-
tion and discovered the oscillatory motion he called the
Zitterbewegung . The Zitterbewegung takes place with re-
spect to the center-of-mass position operator x
A
and this
is the operator which should be used to dene a physi-
cally meaningful spin operator. The situation is not typ-
ical only of the Dirac equation and is not associated with
the presence of negative energy solutions as one is some-
times led to believe. The so-called new Dirac equation
generalized by Mukunda et al. [11] admits only positive-
energy solutions but the Zitterbewegung is present and
the associated center-of-mass operator is algebraically
identical to this implied by Schrodinger's analysis of the
Dirac equation [12]. The analysis presented in [11] shows
clearly that in order to obtain a physically consistent
model of an extended hadron one has to proceed in the
way identical to the one chosen in this Letter: First de-
ne the center-of-mass operator Q, then introduce the
angular momentum L = Q  P , and nally dene spin
by S = J  L.
In what follows I use a group representation formu-
lation, elements of which can be found in the 1965 pa-
pers by Fleming [13]. The group theoretic approach has
the advantage of being applicable to any physical system
whose symmetry group is the Poincare group, or whose
symmetry group contains the Poincare group as a sub-
group. The formulation is essentially unrelated to the
Dirac equation.
Let us begin with generators of the unitary, innite
dimensional irreducible representation of the Poincare
group corresponding to a nonzero mass m and spin j.







































Here s denotes nite dimensional angular momentum ma-
trices corresponding to the (2j+1)-dimensional represen-
tation D
j
of the rotation group. Similar forms are ob-
tained if one uses the hadronic representation introduced
in [11].
The center-of-mass position operator which generalizes































This operator extends naturally also to massless elds
and can be shown to be uniquely (up to subtleties with
domains of unbounded operators) derived from symme-
try considerations in the case of the Maxwell eld [15]. In
the Maxwell eld case, the formula (7) can be regarded as
dening a connection on a light cone. A parallel trans-
port with respect to this connection can be shown to
generate a Berry phase [16].
Orbital angular momentum and spin corresponding to
Q were given by Pryce and Fleming [17,13]
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+ (n  s)n: (10)
s
?
denotes the projection of s on the plane perpendicular
to p and  = n jvj=c, where v = cp=p
0
is a velocity of
the particle. Projection of spin in a direction given by





















= (a;p)  s: (12)






















=  j; : : : ;+j. In the innite momen-
tum/massless limit the eigenvalues of spin in a direc-
tion perpendicular to p vanish, which can be regarded
as a consequence of the Lorentz attenning of the mov-
ing particle (in these limits S = (n  s)n). Projection
of spin on the momentum direction is equal to the helic-
ity, i.e. p  S = p  s for any p, and S = s in the rest
frame (p = 0). Bacry [18] observed that a nonrelativis-
tic limit of Q leads to a correct form of the spin-orbit
interaction in the Pauli equation if one uses potentials
V (Q) instead of V (x) [19]; an analogous eect was de-
scribed in [20] where the internal angular momentum of
the Zitterbewegung leads to spin with the correct g = 2
factor. An algebraic curiosity is the fact that the com-
ponents of S satisfy an algebra which is so(3) in the rest
frame and formally contracts to the Euclidean e(2) in the
innite momentum/massless limit, and thus provides an
interesting alternative explanation of the privileged role
played by the Euclidean group in the theory of massless
elds [21,22].
In spite of all these facts suggestng that both Q and S
are natural candidates for physical observables no experi-
mental tests distinguishing them from other denitions of
position and spin have been proposed so far. Obviously,
it is not easy to test directly Q which, representing the
center of mass, may be expected to couple to the grav-
itational eld. The spin operator, on the other hand, is
responsible for the magnetic moment and should couple
to the electromagnetic eld which is much stronger.
Consider now a Stern-Gerlach-type measurement in-
volving spin-1/2 relativistic particles and assume that S
is the physical internal angular momentum which is mea-
sured in this experiment. Assume also that we have two
spin-1/2 particles in a singlet state (total helicity equals
zero) and propagating in the same direction with identi-
cal momenta p (to be more precise one should take wave
packets in momentum space, but for simplicity assume
that they are suciently well localized around momenta





















The kets j 
1
2
;pi form the helicity basis. Consider the
binary operators
^




b = b  S=j
b
j. Their
eigenvalues are 1. The relativistic corrections that arise
are those resulting from the modication of the spin di-
rection as \seen" by a measuring device. The average of































There are several interesting particular cases of the for-
mula (16). First, if a = a
?








bj i =  a  b (17)
which is the nonrelativistic result. This case will never
occur in a realistic experiment since localization of de-
2
tectors will lead to a momentum spread. If a  n 6= 0,








bj i =  
(a  n) (b  n)
ja  nj jb  nj
= 1 (18)
independently of the choice of a, b. It is easy to in-
tuitively understand this result: In the ultrarelativistic
limit projections of spin in directions perpendicular to
the momentum vanish for both particles and spins are
(anti)parallel to the momentum. The most striking case
occurs if a and b are perpendicular and the nonrelativis-















This average is 0 in the rest frame ( = 0) and  1 for
 = 1. Any observable deviation from 0 in an EPR-
Bohm type experiment would be an indication that the
operators S and Q are physically correct observables and
that massive spin-1/2 particles are extended in the sense
that centers of mass and charge do not coincide. Fig. 1
shows that (19) describes a relativistic eect that is even
stronger than the Lorentz contraction or the time de-





of Q is that its components do not commute for nonzero
spins. An uncertainty principle guarantees therefore that
such a particle cannot be localized at a point [25], or is
extended in some nonclassical sense, a property that can-
not be without implications for the renormalization and
self-energy problems. The denition of Q implies also
that the center of mass does not transform as a spatial
component of a four-vector. This apparently counter-
intuitive result agrees however with the classical analysis
of Mller [8,13] who showed that the center of mass of
a spinning classical body is not a component of a four
vector. These interesting properties seem unavoidable
and can be proved in various ways at both quantum and
classical levels (for their classical derivations see [11,23]).











2; 0), b = (0; 1; 0), b
0
= (1; 0; 0) lead-
ing to the the maximal violation of the Bell inequal-
ity in nonrelativistic domain. Fig. 2 shows the de-
pendence of the average (1) on  and  where  =
( cos;  sin; 0). Fig. 3 shows the average (1) for
 = (cos sin ; sin sin ; cos ) as a function of the
spherical angles and for  = 0:99 and  = 0:95.
These results show clearly that the information about
the degree of violation of the Bell inequality is not su-
cient to determine purity of a massive two-particle zero-
helicity state. Additionally one has to know the momen-
tum distribution of the particle beam.
I am grateful to Ryszard Horodecki for suggesting the
problem, Vasant Natarajan for informations concerning
experiments, and Gerald Kaiser for extensive discussions.
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(dotted). The EPRB average varies with  faster than proper
time. Relativistic corrections described by (16) and (19) are
caused by both the Lorentz contraction and the Mller shift
of the center of mass. Their experimental verication would
provide an indirect proof that the noncommuting position op-
erator (6) is physically well dened.
FIG. 2. For  = 0 we obtain the maximal violation and no
violation for  ! 1. Alice and Bob may be confused and \de-
tect" an eavesdropper even if the state is pure singlet, but  is
close to 1. Spins of ultrarelativistic spin-1/2 particles are \al-
most classical" and are either almost parallel or anti-parallel
to their momenta
FIG. 3. The average (1) for  = 0:99 (upper) and  = 0:95
(lower).  = 0 corresponds to particles moving perpendicu-
larly to measuring devices (maximal violation). For  = =2
we have the situation from Fig. 2.
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